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Abstract. The aim of this note is to improve upon our earlier result 
which translates Weyl's (curvature) formulation of Chern charac- 
ter of a smooth vector bundle 0) into the language of residues. 
Given super-vector bundle E over a compact manifold M, one pulls 
it back to T* M. The dualized Chern character is the functional r\ i— > 
Jt*m ch(n* E)-k*7] which is expressed in |5] as a sum of the residues of 
the form Res s = z F(s) J T , M V£ 2s 7r*r; over all z £ C. Here, Vf, is con- 
structed from a curvature of the pullback bundle -k*E to T* M and an 
odd endomorphism L of n*E using Quillen's formalism pj- The result 
in our previous paper is stated using a limit as R — > of the integrals 
over T* M minus the 7i-tubular neighborhood of the zero section. The 
present note provides for a stronger, more effective formulation. 



Our result in resembles the Local Index Formula (^0]) in a differential- 
geometric setting. Let M be a smooth n-manifold with no boundary and 
let £ be a smooth Z2-graded vector bundle. Let ir : T*M — > M be the 
cotangent bundle and let L be an odd skew-adjoint endomorphism of ir*E 
invertible everywhere but the zero section of T*M. Finally, we assume that 
the coefficients of L are first-order homogeneous polynomials of the "verti- 
cal" (fiberwise) coordinates of T*M. For example, L could be a symbol of 
an odd self-adjoint elliptic operator on E. 

Now, let V be a connection on ir*E which is a pullback of some connection 
on E. Suppose that both connections respect the grading of E and tt*E. 
According to Quillen j5J, the Chern character corresponding to L may be 
written as exp(V + L) 2 . Here, V + L is a differential operator on the sections 
of A*T*M (g) tt*E which shares many properties of an ordinary connection, 
such as the Z2-graded Leibniz rule and the fact that (V + L) 2 is an endo- 
morphism of A*T*M £ED it* E, i.e. a 0-th order differential operator, which 
is still called the curvature. In addition, the graded trace (the supertrace) 
tr s (V + L) 2k for any A: is a differential form whose cohomology class is inde- 
pendent on the concrete choice of V, a topological characteristic of E. We 
denote V + L by Vl and call it a superconnection. 

The big advantage is that if L is as above, then the Chern character form 
tr s expV 2 decays exponentially fast along the fibers of T*M so that the dual 
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Chern character current can be defined on Q*M: 

rjh^ 7r*(7?)tr s expV|. 
Jt*m 

WARNING: for notational convenience, we omit the supertrace from our 
formulas, though it is tacitly assumed everywhere. 

In [2], we have proved the following theorem about this current: 

Theorem 1. Let Yr be the open R-tubular neighbourhood of the zero section 
in T*M and let Xr be its complement. Under the hypotheses outlined above, 
for any n G Q*(M) 

(1) I tr s 7r*(r/)expV! = lim V Res\ z T{z) [ tr s tt* (»/)(- Vi)"*, 
Jt*m r -*°7^ J*r 

where the right-hand side integral is understood to be the meromorphic ex- 
tension from the region Re(z) ^> 0, on which it converges. Further, all but 
finitely many residues on the right-hand side vanish as R — > 0. 

The proof of the equality ^ is based on the Mellin Transform. Section 6 of 
|2|, contains the argument and a concise outline preceding it. In the present 
note, we concentrate on the right-hand side of the equality. We state the 
following slightly stronger result. 

Theorem 2. Under the hypotheses outlined above, for any n 6 VL K (M) and 
any positive R, 

(2) / tr s 7r*(r/)expVi=i?e Sz=s _ n r(2) / tr s 7r*(r?) [(-V|)"*] 2n _ K , 

JT*M JX R 

where the right-hand side integral is understood to be the meromorphic ex- 
tension from the region Re(z) ^> 0, on which it converges. In particular, it 
does not depend on R. Further, both sides vanish if k is odd. 

Here, by [u] K we denote the K-degree part of the mixed differential form 
ijj. We proceed to: 

1) Review the notion of complex powers (— V^) -2 via holomorphic 
functional calculus. 

2) Review the geometric series expansion of (-V|)- 2 used in 0. 

3) Prove theorem [21 based on that expansion and on theorem ^ 

1) Complex powers of the curvature V| are defined via the following 
integrals: 

where 7 is a counter-clockwise oriented contour which surrounds the point- 
wise spectrum of V^. We prove in [2], section 5, that 7, in fact, may be 
taken as a vertical which is oriented downward and separates sp{\/\) from 
the imaginary axis. Such 7 exists as long as the underlying point of T*M 
does not lie in the zero section. In 0, we have also dealt with the fact that 
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7 depends on that point in the first place. (Briefly, we have shown that if 
we integrate over Xr, then 7 can be chosen uniformly. But then we take 
the limit as R — > 0.) We have also shown that f x ir*(r})(— V 2 ) _z converges 
for Re{z) S> and has a meromorphic extension to all of C with at most 
simple poles. 

2)In order to see why the meromorphic extension exists, we write out the 
expression for (— V^) -2 via geometric series. First, 

V| = (V + L) 2 

= V 2 + [V,L]+L 2 

= V 2 + dL + [0,L] + L 2 , 

where V = d + 8 and 8 is a locally defined odd endomorphism of tt*E. 
Such 8 exists, for any connection or superconnection and is comprised of 
Christoffel symbols. "Locally" means that we restrict our attention to a 
coordinate chart V on T*M over which tt*E is trivial and which is itself a 
local trivialization of T*M over M. Thus, there are two sets of coordinates. 
"Horizontal", i.e. coordinates of M x 1 . . . x n ; and "vertical" coordinates of a 
fiber. We use polar coordinates here, p being the radial one and H , . . . H n_1 
being the coordinates of a unit sphere. We then write: 

(3) 2TTi( — V\)~ Z = \- z (\+L 2 +d x L+d s L+[9,L]+d p L+V 2 ) dX 

J-y 

A-^A+L 2 )- 1 £fc=o (-{X+L 2 )~ 1 {d x L+d s L+[e,L]+d p L+V 2 )) dX. 

Observe that V 2 + d p L is not a multiple of p, while from d x L + d f ~L + [8, L] 
one power of p may be pulled out. We then expand the k-th term of the 
series as a non-commutative polynomial in V 2 , d p L, and d x L + [0,L] 
and separate the powers of p. 

For illustration, we treat just one typical "interesting" term. It must 
contain one copy of d p L and n — 1 copies of d~L in order to produce a 
volume form on T*M. (Observe that 8 and V 2 cannot contain any vertical 
differentials, since V has been pulled back from E.) One such term has the 
form: 

I \- z {\ + L 2 y l [(\ + L 2 )-\d x L+[8,L])} 1 x 

J ry 

[(A + L 2 )- l d p L] [(A + L^dsL] n -' [(A + L 2 )' 1 V 2 )] k ~ n ~ l d\ 
= p -2(*+*)+n+l-i f fT - 2 (a + L 2 )- 1 [( ( T + L 2 )- 1 (4L + ^L])] Z x 

Jrf 

(4) [{a + L 2 )- 1 ^] [{a + L 2 ) _1 dnL] n ~ l [(a + L 2 )" 1 V 2 )] k ~ n ~ l da, 

where L = ^ and a = \. Strictly speaking 7 should be replaced by -^7 
but we leave that detail to |2j. 
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3) In order to prove theoremEl we need to compute J Xr q v -k*{t]){— V|) z . 

Rather than using (— V^) -2 , we perform the computation just for the sample 
term shown in @. Assuming Re(z) ^> 0, we get: 



[ n*( V ) f + L 2 )- 1 [(A + L 2 Y l (d x L + [6, L])] 1 x 

JX R f)V J-/ 

[(A + L 2 yH p L\ [(A + L 2 )- 1 ^]"" 1 [(A + L 2 )- 1 V 2 )] fc " n -'dA 



l'x 



= / Tr*(7])p- 2( - z+ V +n+l - l dp / da; / d~x 
JR Jtt(V) Js™- 1 

[ C j- 2 ( C T + L 2 )- 1 [(a + L 2 )- 1 (d ;c L + [0,L] 
J j 

[( ( r + L 2 )- 1 d,L][(a + L 2 )- 1 d s L] n - 1 x 

where (fry is defined by the above equation. It is entire in z. (It is true after 
a is integrated out and then still true after one integrates out H and x over 
the compact manifold »S*M[2]). Also, <j)y is independent on R. Thus, the 
integral in 21 has a meromorphic extension to C with at most simple poles. 
Compactness of M and the fact that there are only finitely many terms such 
as the one above, imply that Jx r 7T *( 1 i)(~^'l)~ z a ^ so has a meromorphic 
extension to C. 

We proceed to prove the theorem^ For the case of even k = deg(r)), we 
consider the residues of: 

f>-2(z+k)+n+l 

T{z) 2(z + k)-n-l Mz) - 
We have the following lemma: 

Lemma 3. 4>y{—m) = for all m < ^y^. 

Proof: Observe that for z = 0, —1, . . . — (k + 1) (ftv( z ) = 0, since then 
(— V 2 L )~ Z is just a positive integer power. To see this, suppose for a moment 
that 1? is a scalar and thus: 



(-vir = E (r)( L2 r^ fc a L ' v i + v2 



\ k )\ lJ ) U^; V J -I- v y2vv 

If z = — m, the series terminates for k > m. For general L, the phenomenon 
is similar. Next, we count the differential form degrees in ©. Unless 

K + 2(k - n -l) + l + n = 2n = dim{T*M), 
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4>v vanishes identically. Thus, k + 2k — I = 3n, so that 

3n — k 



< k. 



□ 

Now, one can easily compute the location of the residue due to R 2 ^ z+k ^_ n _i 
in terms of k: 



n + l k 

k = n. 

2 2 

In summary, all the residues coming from T(z) between and K ~ 3n are killed 
by the zeroes of <py and the only residue in that range is supplied by 

f>-2(z+k)+n+l f>-2(z+n)-K 



2(z + k) - n - I 2(z + n) - k 
Finally, in [2] we have shown that 



(6) /trsvr^expVl ^i?es| z l» f tr 8 7r*fa)(-V£) 

Jx R z6C Jx r 



The argument uses the fact that Jq°° e~ xt t z ~ 1 dt = \~ z T(z) and Mellin trans- 
forms to translate the exponential expression on the left of © into the one 
on the right. Taking limits as R — * 0, we see that the residues to the left 
of K ~ 2 3n are multiples of a positive power of R and thus vanish, whereas the 
one at ^ — n is independent on R. This proves the theorem (j2J in the case 
when k is even. 

If k is odd, then due to K+2k — l = 3n, l+n must be odd. That is the total 
power of d p L, d^L and d x L + [8, L]. Now, since all the connections preserve 
the Z2-gradings, the local expression for 6 must be a block-diagonal matrix 
of 1-forms. The same is true about V 2 . However, L is block-off-diagonal, 
since it is an odd endomorphism. Thus, if n + l is odd, the supertrace of the 
corresponding term vanishes, which proves the theorem [2 for odd K. 

Remark 1. It is clear that the right side of theorem |^1 may be written as 
an integral over the unit sphere bundle. It would be curious to obtain this 
through Wodzicki Residue. 
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